
9Xj am#bT�+2b Q7 +QHmKM p2+iQ`bX

yX �bbmK2/ #�+F;`QmM/X

Ç q?�i2p2` ?�b #22M +Qp2`2/ BM hQTB+b R@jX
Ç 9XR a2ib Q7 K�i`B+2b �M/ b2ib Q7 p2+iQ`bX
Ç 9Xk a2i 2[m�HBiv U7Q` b2ib Q7 K�i`B+2b �M/ b2ib Q7 p2+iQ`bVX

�#bi`�+iX q2 BMi`Q/m+2,ě

Ç i?2 MQiBQM Q7 i?2 p2+iQ` bT�+2 Q7 �HH K�i`B+2b Q7 i?2 b�K2 bBx2-
Ç i?2 MQiBQM Q7 bm#bT�+2 Q7 i?2 p2+iQ` bT�+2 Q7 �HH +QHmKM p2+iQ`b rBi? i?2 b�K2 MmK#2` Q7 2Mi`B2b-
Ç i?2 MQiBQMb Q7 BMi2`b2+iBQM �M/ bmK 7Q` bm#bT�+2bX

RX ǵ�H;2#`�B+ T`QT2`iB2bǶ Q7 i?2 b2i Q7 �HH K�i`B+2b Q7 i?2 b�K2 bBx2X
_B;?i 7`QK i?2 #2;BMMBM;- r2 ?�p2 FMQrM i?2 p�HB/Biv Q7 2�+? bi�i2K2Mi BM i?2 HBbi #2HQr �#Qmi i?2 T`QT2`iB2b Q7
K�i`Bt �//BiBQM �M/ b+�H�` KmHiBTHB+�iBQMX U>2`2 i?2v �`2 bHB;?iHv `2@/`2bb2/ rBi? b2i MQi�iBQMbXV

U�V BBX 6Q` �Mv A,B ∈ Mp,q(R)- i?2 2[m�HBiv A+B = B +A ?QH/bX
BBBX 6Q` �Mv A,B,C ∈ Mp,q(R)- i?2 2[m�HBiv (A+B) + C = A+ (B + C) ?QH/bX
BpX h?2`2 2tBbib bQK2 mMB[m2 Z ∈ Mp,q(R)- M�K2Hv- Z = Op×q- bm+? i?�i 7Q` �Mv A ∈ Mp,q(R)- i?2 2[m�HBiB2b

A+ Z = A = Z +A ?QH/X
pX 6Q` �Mv A ∈ Mp,q(R)- i?2`2 2tBbib bQK2 mMB[m2 Y ∈ Mp,q(R)- M�K2Hv- Y = −A- bm+? i?�i i?2 2[m�HBiB2b

A+ Y = Op×q = Y +A ?QH/X
U#V BBX 6Q` �Mv A ∈ Mp,q(R)- 7Q` �Mv α,β ∈ R- i?2 2[m�HBiv (αβ)A = α(βA) ?QH/bX

BBBX 6Q` �Mv A ∈ Mp,q(R)- i?2 2[m�HBiv 1A = A ?QH/bX
U+V BX 6Q` �Mv A ∈ Mp,q(R)- 7Q` �Mv α,β ∈ R- i?2 2[m�HBiv (α+ β)A = αA+ βA ?QH/bX

BBX 6Q` �Mv A,B ∈ Mp,q(R)- 7Q` �Mv α ∈ R- i?2 2[m�HBiv α(A+B) = αA+ αB ?QH/bX

q2 MQr BMb2`i irQ 2ti`� bi�i2K2Mib BM i?2 HBbi �#Qp2X

U�V BX 6Q` �Mv K�i`B+2b A,B- B7 A,B ∈ Mp,q(R) i?2M A+B ∈ Mp,q(R)X
U#V BX 6Q` �Mv K�i`Bt A- 7Q` �Mv α ∈ R- B7 A ∈ Mp,q(R) i?2M αA ∈ Mp,q(R)X

h?2b2 irQ bi�i2K2Mib HQQF ǵbQ Q#pBQmbHv i`m2Ƕ i?�i r2 /B/ MQi #Qi?2` iQ bi�i2 i?2K 2�`HB2`X AM 7�+i- i?2B` p�HB/Biv Bb
ǵ2K#2//2/Ƕ BM ?Qr K�i`Bt �//BiBQM �M/ b+�H�` KmHiBTHB+�iBQM �`2 /2}M2/X
"2+�mb2 Q7 i?2 p�HB/Biv Q7 i?2 bi�i2K2Mib U�XBV@U�XpV- U#XBV@U#XBBBV �M/ U+XBV- U+XBBV- Mp,q(R) �HQM;bB/2 K�i`Bt �//BiBQM
�M/ b+�H�` KmHiBTHB+�iBQM Bb +�HH2/ i?2 p2+iQ` bT�+2 Q7 (p× q)@K�i`B+2b rBi? `2�H 2Mi`B2b- Qp2` i?2 `2�HbX
� b22KBM;Hv i`BpB�H +QMb2[m2M+2 Q7 i?2 bi�i2K2Mib U�XBV- U�XBBV Bb i?2 bi�i2K2Mi U/V,ě

U/V amTTQb2 A1, A2, · · · , An ∈ Mp,q(R)- �M/ α1,α2, · · · ,αn ∈ RX h?2M α1A1 + α2A2 + · · ·+ αnAn ∈ Mp,q(R)X

P` BM TH�BM rQ`/b,

ǵ1p2`v ǳHBM2�` +QK#BM�iBQM Qp2` i?2 `2�HbǴ Q7 U}MBi2Hv K�MvV (p × q)@K�i`B+2b rBi? `2�H 2Mi`B2b rBHH #2 �HbQ �
(p× q)@K�i`Bt rBi? `2�H 2Mi`B2bXǶ

kX AM HBM2�` �H;2#`� r2 �`2 BMi2`2bi2/ BM +QHH2+iBQMb Q7 K�i`B+2b Q` p2+iQ`b r?B+? TQbb2bb2b T`QT2`iB2b ǵ�M�HQ;QmbǶ iQ i?2
QM2b HBbi2/ �#Qp2 7Q` b2ib Q7 �HH K�i`B+2b Q7 i?2 b�K2 bBx2X h?2 ǵ�M�HQ;vǶ Bb BHHmbi`�i2/ #2HQr,ě
1t�KTH2 URVX UAHHmbi`�iBQM- QM ?Qr i?2 ǵ�H;2#`�B+ T`QT2`iB2bǶ Q7 i?2 MmHH bT�+2 Q7 �M �`#Bi`�`v K�i`Bt
�`2 ǵ�M�HQ;QmbǶ iQ i?�i Q7 i?2 b2i Q7 �HH K�i`B+2b Q7 i?2 b�K2 bBx2XV
amTTQb2 H Bb � (m× p)@K�i`Bt rBi? `2�H 2Mi`B2bX h?2M i?2 bi�i2K2Mib #2HQr ?QH/,ě

U�V BX 6Q` �Mv u,v ∈ Rp- B7 u ∈ N (H) �M/ v ∈ N (H) i?2M u+ v ∈ N (H)X
BBX 6Q` �Mv u,v ∈ N (H)- i?2 2[m�HBiv u+ v = v + u ?QH/bX
BBBX 6Q` �Mv u,v,w ∈ N (H)- i?2 2[m�HBiv (u+ v) +w = u+ (v +w) ?QH/bX
BpX h?2`2 2tBbib bQK2 mMB[m2 z ∈ N (H)- M�K2Hv- z = 0p- bm+? i?�i 7Q` �Mv u ∈ N (H)- i?2 2[m�HBiB2b

u+ z = u = z+ u ?QH/X
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pX 6Q` �Mv u ∈ N (H)- i?2`2 2tBbib bQK2 mMB[m2 y ∈ N (H)- M�K2Hv- y = −u- bm+? i?�i i?2 2[m�HBiB2b
u+ y = 0p = y + u ?QH/X

U#V BX 6Q` �Mv u ∈ Rp- 7Q` �Mv α ∈ R- B7 u ∈ N (H) i?2M αu ∈ N (H)X
BBX 6Q` �Mv u ∈ N (H)- 7Q` �Mv α,β ∈ R- i?2 2[m�HBiv (αβ)u = α(βu) ?QH/bX
BBBX 6Q` �Mv u ∈ N (H)- i?2 2[m�HBiv 1u = u ?QH/bX

U+V BX 6Q` �Mv u ∈ N (H)- 7Q` �Mv α,β ∈ R- i?2 2[m�HBiv (α+ β)u = αu+ βu ?QH/bX
BBX 6Q` �Mv u,v ∈ N (H)- 7Q` �Mv α ∈ R- i?2 2[m�HBiv α(u+ v) = αu+ αv ?QH/bX

JQ`2Qp2`- i?2 bi�i2K2Mi U/V ?QH/b,ě

U/V amTTQb2 u1,u2, · · · ,un ∈ N (H)- �M/ α1,α2, · · · ,αn ∈ RX h?2M α1u1 + α2u2 + · · ·+ αnun ∈ N (H)X

CmbiB}+�iBQM,ě
Ç h?2 bi�i2K2Mib U�XBBV- U�XBBBV- U#XBBV- U#XBBBV- U+XBV- U+XBBV �`2 BKK2/B�i2 +QMb2[m2M+2b Q7 i?2 #�bB+ T`QT2`iB2b Q7

p2+iQ` �//BiBQM �M/ b+�H�` KmHiBTHB+�iBQMX
Ç h?2 bi�i2K2Mib U�XBV- U�XBpV- U�XpV- U#XBV �`2 `2bT2+iBp2Hv `2@7Q`KmH�iBQMb Q7 i?2 bi�i2K2Mib U�XBǶV- U�XBpǶV- U�XpǶV-

U#XBǶV- r?B+? �`2 +QM+2`M2/ rBi? ?QKQ;2M2Qmb bvbi2Kb,ě
U�XBǶV 6Q` �Mv u,v ∈ Rp- B7 u,v �`2 bQHmiBQMb Q7 LS(H, 0m) i?2M u+ v Bb � bQHmiBQM Q7 LS(H, 0m)X

U�XBpǶV h?2`2 2tBbib bQK2 mMB[m2 bQHmiBQM z Q7 LS(H, 0m)- M�K2Hv- z = 0p- bm+? i?�i 7Q` �Mv bQHmiBQM u Q7
LS(H, 0m)- i?2 2[m�HBiB2b u+ z = u = z+ u ?QH/X

U�XpǶV 6Q` �Mv bQHmiBQM u Q7 LS(H, 0m)- i?2`2 2tBbib bQK2 mMB[m2 bQHmiBQM y Q7 LS(H, 0m)- M�K2Hv- y = −u-
bm+? i?�i i?2 2[m�HBiB2b u+ y = 0p = y + u ?QH/X

U#XBǶV 6Q` �Mv u ∈ Rp- 7Q` �Mv α ∈ R- B7 u Bb � bQHmiBQM Q7 LS(H, 0m) i?2M αu Bb � bQHmiBQM Q7 LS(H, 0m)X
Ç h?2 bi�i2K2Mi U/V Bb � +QMb2[m2M+2 Q7 i?2 bi�i2K2Mib U�XBV- U#XBVX �M �`;mK2Mi +�M #2 ;Bp2M rBi? �M �TTHB+�iBQM

Q7 K�i?2K�iB+�H BM/m+iBQMX
jX *QKK2Mi QM 1t�KTH2 URVX

h?2 bi�i2K2Mib U�XBV@U�XpV- U#XBV@U#XBBBV- U+XBV- U+XBBV- U/V /2b+`B#BM; i?2 ǵ�H;2#`�B+ T`QT2`iB2bǶ Q7 i?2 MmHH bT�+2 Q7 �M
�`#Bi`�`v K�i`Bt +�M #2 7Q`K�HHv ǵQ#i�BM2/Ƕ 7`QK i?2 +Q``2bTQM/BM; bi�i2K2Mib r?2M r2 +QMbBbi2MiHv,ě

Ç i?BMF Q7 +QHmKM p2+iQ`b rBi? i?2 b�K2 MmK#2` Q7 2Mi`B2b BMbi2�/ Q7 ;2M2`�H K�i`B+2b Q7 i?2 b�K2 bBx2- �M/
Ç `2TH�+2 i?2 bvK#QH ǵMp,q(R)Ƕ #v i?2 bvK#QH ǵN (H)ǶX

Ai Bb M�im`�H iQ 7Q` mb iQ 7QHHQr mT #v �bFBM; i?Bb [m2biBQM (#),ě

(#) :Bp2M �Mv b2i T Q7- b�v- +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2b- +�M r2 bBKTHv `2TH�+2 i?2 bvK#QH ǵMp,q(R)Ƕ #v i?2
bvK#QH ǵT Ƕ +QMbBbi2MiHv BM i?2 HBbi Q7 bi�i2K2Mib U�XBV@U�XpV- U#XBV@U#XBBBV- U+XBV- U+XBBV- U/V QM (p× q)@K�i`B+2b- bQ
�b iQ Q#i�BM � HBbi Q7 i`m2 bi�i2K2Mib QM T\

h?2 �Mbr2` iQ (#) Bb MQX h?2 #B; mM+2`i�BMiv Bb +QM+2`M2/ rBi? i?2 bi�i2K2Mib U�XBV- U#XBV �M/ � +`m+B�H T�`i Q7
i?2 bi�i2K2Mi U�XBpVX AM ;2M2`�H- i?2`2 Bb MQ ;m�`�Mi22 i?�i i?2 bi�i2K2Mib #2HQr �`2 �HH i`m2 r?2M r2 �TTHv i?2
ǵ`2TH�+2K2MiǶX

UaRV 0p ∈ T X
UakV 6Q` �Mv u,v ∈ Rp- B7 u ∈ T �M/ v ∈ T i?2M u+ v ∈ T X
UajV 6Q` �Mv u ∈ Rp- 7Q` �Mv α ∈ R- B7 u ∈ T i?2M αu ∈ T X

�b BHHmbi`�i2/ BM 1t�KTH2 UkV- r?2i?2` QM2 Q` KQ`2 Q7 UaRV- UakV- UajV Bb i`m2 7Q` bm+? � b2i T Q7 +QHmKM p2+iQ`b
rBi?- b�v- 2 2Mi`B2b rBHH ?B;?Hv /2T2M/2Mi QM r?�i T BbX

9X 1t�KTH2 UkVX UAHHmbi`�iBQMb QM i?2 M2;�iBp2 �Mbr2` iQ i?2 [m2biBQM (#)XV

U�V amTTQb2 T1 =
{
x ∈ R2 "Qi? 2Mi`B2b Q7 x �`2 MQM@M2;�iBp2X

}
X

h?2 bi�i2K2Mi UajV 7�BHb iQ ?QH/ 7Q` T1X CmbiB}+�iBQM,ě
Ç q2 T`QpB/2 � +QmMi2`@2t�KTH2 �;�BMbi i?2 bi�i2K2Mi UajV, ǵ6Q` �Mv u ∈ R2- 7Q` �Mv α ∈ R- B7 u ∈ T1 i?2M

αu ∈ T1XǶ
h�F2 u =

[
1
0

]
X h�F2 α = −1X

"v /2}MBiBQM- u ∈ T1- �M/ α ∈ RX
LQi2 i?�i αu =

[−1
0

]
X h?2M αu /∈ T1X
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h?2 bi�i2K2Mib UaRV- UakV ?QH/b 7Q` T1X CmbiB}+�iBQM,ě
Ç "Qi? 2Mi`B2b Q7 02 �`2 0- �M/ i?2`27Q`2 �`2 MQM@M2;�iBp2X >2M+2 02 ∈ T1X UaQ UaRV ?QH/bXV
Ç q2 p2`B7v UakV, 6Q` �Mv u,v ∈ R2- B7 u ∈ T2 �M/ v ∈ T2 i?2M u+ v ∈ T2X

SB+F �Mv u,v ∈ R2X amTTQb2 u ∈ T2 �M/ v ∈ T2X
q`Bi2 u =

[
u1
u2

]
- �M/ v =

[
v1
v2

]
X LQi2 i?�i u+ v =

[
u1 + v1
u2 + v2

]
X

"v �bbmKTiBQM- �HH Q7 u1, u2, v1, v2 �`2 MQM@M2;�iBp2X
h?2M u1 + v1 �M/ u2 + v2 �`2 MQM@M2;�iBp2X
h?2`27Q`2 u+ v ∈ T1X

U#V amTTQb2 T2 =
{
x ∈ R2 �i KQbi QM2 2Mi`v Q7 x Bb MQM@x2`QX

}
X

h?2 bi�i2K2Mi UakV 7�BHb iQ ?QH/ 7Q` T2X CmbiB}+�iBQM,ě
Ç q2 T`QpB/2 � +QmMi2`@2t�KTH2 �;�BMbi i?2 bi�i2K2Mi UakV, ǵ6Q` �Mv u,v ∈ R2- B7 u ∈ T2 �M/ v ∈ T2 i?2M

u+ v ∈ T2XǶ
h�F2 u =

[
1
0

]
�M/ v =

[
0
1

]
X

"v /2}MBiBQM- u ∈ T2 �M/ v ∈ T2X
LQi2 i?�i u+ v =

[
1
1

]
X h?2M u+ v /∈ T2X

h?2 bi�i2K2Mib UaRV- UajV ?QH/b 7Q` T2X CmbiB}+�iBQM,ě
Ç "Qi? 2Mi`B2b Q7 02 �`2 0X >2M+2 02 ∈ T2X UaQ UaRV ?QH/bXV
Ç q2 p2`B7v UajV, 6Q` �Mv u ∈ R2- 7Q` �Mv α ∈ R- B7 u ∈ T3 i?2M αu ∈ T3X

SB+F �Mv u ∈ R2X SB+F �Mv α ∈ RX amTTQb2 u ∈ T3X
q`Bi2 u =

[
u1
u2

]
X LQi2 i?�i αu =

[
αu1
αu2

]
X

"v �bbmKTiBQM- �i KQbi QM2 2Mi`v Q7 u Bb MQM@x2`QX h?2M u1 = 0 Q` u2 = 0X
h?2`27Q`2 αu1 = 0 Q` αu2 = 0X >2M+2 �i KQbi QM2 2Mi`v Q7 αu Bb MQM@x2`QX
h?2M αu ∈ T2X

U+V amTTQb2 T3 = ∅X
"v �bbmKTiBQM- 02 ∈ T3X >2M+2 i?2 bi�i2K2Mi UaRV 7�BHb iQ ?QH/ 7Q` T3X
"v � Tm`2Hv HQ;B+�H +QMbB/2`�iBQM- i?2 bi�i2K2Mib UakV- UajV �`2 i`m2 7Q` T3,ě

UakV 6Q` �Mv u,v ∈ R2- B7 u ∈ T3 �M/ v ∈ T3 i?2M u+ v ∈ T3X
UajV 6Q` �Mv u ∈ R2- 7Q` �Mv α ∈ R- B7 u ∈ T3 i?2M αu ∈ T3X

8X .2}MBiBQMX Uam#bT�+2b Q7 i?2 p2+iQ` bT�+2b Q7 +QHmKM p2+iQ`b rBi? `2�H 2Mi`B2bXV
G2i W #2 � b2i Q7 +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2bX
q2 b�v i?�i W +QMbiBimi2b � bm#bT�+2 Q7 Rp Qp2` i?2 `2�Hb B7 �M/ QMHv B7 i?2 bi�i2K2Mib UaRV- UakV- UajV ?QH/
bBKmHi�M2QmbHv,ě

UaRV 0p ∈ W X
UakV 6Q` �Mv u,v ∈ Rp- B7 u ∈ W �M/ v ∈ W i?2M u+ v ∈ W X
UajV 6Q` �Mv u ∈ Rp- 7Q` �Mv α ∈ R- B7 u ∈ W i?2M αu ∈ W X

_2K�`F QM i2`KBMQHQ;vX

U�V aQK2 T2QTH2 `2�/b UakV �b, ǵo2+iQ` �//BiBQM Bb +HQb2/ BM WXǶ
U#V aQK2 T2QTH2 `2�/b UajV �b, ǵa+�H�` KmHiBTHB+�iBQM Bb +HQb2/ BM WXǶ

eX �M BKK2/B�i2 +QMb2[m2M+2 Q7 i?2 /2}MBiBQM 7Q` i?2 MQiBQM Q7 bm#bT�+2b U�M/ i?2 #�bB+ T`QT2`iB2b Q7 p2+iQ` �//BiBQM
�M/ b+�H�` KmHiBTHB+�iBQM 7Q` +QHmKM p2+iQ`bV Bb i?2 `2bmHi #2HQr,ě
h?2Q`2K URVX
amTTQb2 W Bb � bm#bT�+2 Q7 Rp Qp2` i?2 `2�HbX h?2M i?2 bi�i2K2Mib #2HQr ?QH/,ě

U�V BX 6Q` �Mv u,v ∈ Rp- B7 u ∈ W �M/ v ∈ W i?2M u+ v ∈ W X
BBX 6Q` �Mv u,v ∈ W - i?2 2[m�HBiv u+ v = v + u ?QH/bX
BBBX 6Q` �Mv u,v,w ∈ W - i?2 2[m�HBiv (u+ v) +w = u+ (v +w) ?QH/bX
BpX h?2`2 2tBbib bQK2 mMB[m2 z ∈ W - M�K2Hv- z = 0p- bm+? i?�i 7Q` �Mv u ∈ W - i?2 2[m�HBiB2b u+z = u = z+u

?QH/X
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pX 6Q` �Mv u ∈ W- i?2`2 2tBbib bQK2 mMB[m2 y ∈ W- M�K2Hv- y = −u- bm+? i?�i i?2 2[m�HBiB2b u+ y = 0p =
y + u ?QH/X

U#V BX 6Q` �Mv u ∈ Rp- 7Q` �Mv α ∈ R- B7 u ∈ W i?2M αu ∈ W X
BBX 6Q` �Mv u ∈ W - 7Q` �Mv α,β ∈ R- i?2 2[m�HBiv (αβ)u = α(βu) ?QH/bX
BBBX 6Q` �Mv u ∈ W - i?2 2[m�HBiv 1u = u ?QH/bX

U+V BX 6Q` �Mv u ∈ W - 7Q` �Mv α,β ∈ R- i?2 2[m�HBiv (α+ β)u = αu+ βu ?QH/bX
BBX 6Q` �Mv u,v ∈ W - 7Q` �Mv α ∈ R- i?2 2[m�HBiv α(u+ v) = αu+ αv ?QH/bX

dX �TTHvBM; K�i?2K�iB+�H BM/m+iBQM- �M/ /B`2+iHv mbBM; *QM/BiBQMb UakV- UajV BM i?2 /2}MBiBQM 7Q` i?2 MQiBQM Q7
bm#bT�+2b- r2 +�M T`Qp2 i?2 `2bmHi #2HQr,ě
G2KK� UkVX
amTTQb2 W Bb � bm#bT�+2 Q7 Rp Qp2` i?2 `2�HbX
h?2M 7Q` �Mv TQbBiBp2 BMi2;2` n- B7 u1,u2, · · · ,un ∈ W - �M/ α1,α2, · · · ,αn ∈ R- i?2M α1u1+α2u2+ · · ·+αnun ∈ W X
_2K�`FX Smi BM TH�BM rQ`/b- G2KK� UkV b�vb,ě

ǵ1p2`v HBM2�` +QK#BM�iBQM Qp2` i?2 `2�Hb Q7 U}MBi2Hv K�MvV +QHmKM p2+iQ`b #2HQM;BM; iQ � bm#bT�+2 Q7 Rp rBHH
#2 �HbQ � +QHmKM p2+iQ` #2HQM;BM; iQ i?�i b�K2 bm#bT�+2 Q7 RpXǶ

AM 7�+i i?Bb Bb � ǵ+?�`�+i2`Bx�iBQMǶ 7Q` i?2 MQiBQM Q7 bm#bT�+2b BM i?2 7QHHQrBM; b2Mb2,ě

ǵam#bT�+2b Q7 Rp �`2 �`2 i?Qb2 �M/ QMHv i?Qb2 MQM@2KTiv b2ib Q7 +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2b- 7Q` r?B+?
Bi ?�TT2Mb i?�i i?2`2 Bb /2}MBi2Hv MQ +?�M+2 7Q` �Mv HBM2�` +QK#BM�iBQM Q7 +QHmKM p2+iQ`b #2HQM; iQ bm+? � b2i
iQ ǳ7�HH QmibB/2Ǵ i?2 b2i +QM+2`M2/XǶ

h?Bb Bb ;Bp2M � T`2+Bb2 7Q`KmH�iBQM BM i?2 bi�i2K2Mi Q7 h?2Q`2K UjVX

3X h?2Q`2K UjVX U*?�`�+i2`Bx�iBQM 7Q` bm#bT�+2b Q7 Rp BM i2`Kb Q7 HBM2�` +QK#BM�iBQMbXV
amTTQb2 W #2 � MQM@2KTiv b2i Q7 +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2bX
h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

URV W Bb � bm#bT�+2 Q7 Rp Qp2` i?2 `2�HbX
UkV 6Q` �Mv TQbBiBp2 BMi2;2` n- B7 u1,u2, · · · ,un ∈ W - �M/ α1,α2, · · · ,αn ∈ R- i?2M α1u1+α2u2+ · · ·+αnun ∈ W X

NX S`QQ7 Q7 h?2Q`2K UjVX
amTTQb2 W #2 � MQM@2KTiv b2i Q7 +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2bX

U�V G2KK� UkV BM7Q`Kb mb i?�i i?2 bi�i2K2Mi URV BKTHB2b i?2 bi�i2K2Mi UkVX
U#V amTTQb2 i?2 bi�i2K2Mi UkV ?QH/b, 6Q` �Mv TQbBiBp2 BMi2;2` n- B7 u1,u2, · · · ,un ∈ W- �M/ α1,α2, · · · ,αn ∈ R-

i?2M α1u1 + α2u2 + · · ·+ αnun ∈ W X
(q2 BMi2M/ iQ /2/m+2 i?2 bi�i2K2Mi URV, ǵW Bb � bm#bT�+2 Q7 Rp Qp2` i?2 `2�HbXǶ)

BX (q2 p2`B7v UakV, ǵ6Q` �Mv u,v ∈ Rp- B7 u ∈ W �M/ v ∈ W i?2M u+ v ∈ W XǶ )
SB+F �Mv u,v ∈ RpX amTTQb2 u ∈ W �M/ v ∈ W X
"v i?2 bi�i2K2Mi UkV- r2 ?�p2 u+ v = 1 · u+ 1 · v ∈ W X

BBX (q2 p2`B7v UajV, ǵ6Q` �Mv u ∈ Rp- 7Q` �Mv α ∈ R- B7 u ∈ W i?2M αu ∈ W XǶ )
SB+F �Mv u ∈ RpX SB+F �Mv α ∈ RX amTTQb2 u ∈ W X
"v i?2 bi�i2K2Mi UkV- r2 ?�p2 αu ∈ W X

BBBX (q2 p2`B7v UaRV, ǵ0p ∈ W XǶ )
"v �bbmKTiBQM- W %= ∅X h?2`2 Bb bQK2 +QHmKM p2+iQ` rBi? p `2�H 2Mi`B2b- b�v- t- #2HQM;BM; iQ WX
LQi2 i?�i 0p = 1 · t+ (−1)tX
_2+�HH t ∈ W X h?2M #v i?2 bi�i2K2Mi UkV- 1 · t+ (−1)t ∈ WX
>2M+2 0p ∈ WX

RyX h?2Q`2K U9VX Uǵ1ti`2K2Ƕ bm#bT�+2b Q7 Rp Qp2` i?2 `2�HbXV
U>2`2 p Bb �bbmK2/ iQ #2 � TQbBiBp2 BMi2;2`XV

URV {0p} +QMbiBimi2b � bm#bT�+2 Q7 Rp Qp2` i?2 `2�HbX
UkV Rp +QMbiBimi2b � bm#bT�+2 Q7 Rp Qp2` i?2 `2�HbX
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S`QQ7 Q7 h?2Q`2K U9VX 1t2`+Bb2 QM i?2 /2}MBiBQM 7Q` i?2 MQiBQM Q7 bm#bT�+2X
_2K�`F QM i2`KBMQHQ;B2b �M/ MQi�iBQMbX

U�V {0p} Bb `272``2/ iQ �b i?2 x2`Q bm#bT�+2 Q7 Rp- Q` i`BpB�H bm#bT�+2 Q7 RpX UaQK2 T2QTH2 /2MQi2 Bi �b OpXV
AM +QMi`�bi iQ {0p}- 2p2`v bm#bT�+2 Q7 Rp Qi?2` i?�M {0p} rBHH #2 `272``2/ iQ �b � MQM@x2`Q bm#bT�+2 Q7 Rp-
Q` � MQM@i`BpB�H bm#bT�+2 Q7 RpX

U#V Rp Bb `272``2/ iQ �b i?2 BKT`QT2` bm#bT�+2 Q7 Rp Ui?Qm;? i?Bb M�K2 Bb MQi Q7i2M mb2/VX
AM +QMi`�bi iQ Rp- 2p2`v bm#bT�+2 Q7 Rp Qi?2` i?�M Rp Bib2H7 rBHH #2 `272``2/ iQ �b � T`QT2` bm#bT�+2 Q7 RpX

U+V 6Q` i?2 �#Qp2 `2�bQMb- 2p2`v bm#bT�+2 Q7 Rp r?B+? Bb M2Bi?2` {0p} MQ` Rp Bib2H7 rBHH #2 `272``2/ iQ �b � MQM@
i`BpB�H T`QT2` bm#bT�+2 Q7 RpX

RRX AM i2`Kb Q7 i?2 MQiBQM Q7 bm#bT�+2- Qm` 2�`HB2` Q#b2`p�iBQMb QM MmHH bT�+2 Q7 �M �`#Bi`�`v K�i`Bt +�M #2 bmKK�`Bx2/
BM � QM2@HBM2 `2bmHi,ě
h?2Q`2K U8VX
amTTQb2 A Bb �M (m× p)@K�i`Bt rBi? `2�H 2Mi`B2bX
h?2M N (A) +QMbiBimi2b � bm#bT�+2 Q7 Rp Qp2` i?2 `2�HbX
_2K�`FX

U�V h?Bb Bb BM 7�+i i?2 `2�bQM r2 mb2 i?2 rQ`/ ǵbT�+2Ƕ BM i?2 T?`�b2 ǵMmHH bT�+2ǶX
U#V {0p},Rp +�M #2 i?Qm;?i Q7 �b MmHH bT�+2b Q7 bQK2 �TT`QT`B�i2 K�i`B+2b,ě

N (Ip) = {0p}, N (O1×p) = Rp

RkX h?2Q`2K UeVX
amTTQb2 A Bb �M (m× p)@K�i`Bt rBi? `2�H 2Mi`B2b- �M/ b Bb � +QHmKM p2+iQ` rBi? m `2�H 2Mi`B2bX
h?2M S(A, b) Bb � bm#bT�+2 Q7 Rp Qp2` i?2 `2�Hb B7 �M/ QMHv B7 b = 0pX
S`QQ7 Q7 h?2Q`2K UeVX 1t2`+Bb2X Uh?2 F2v Bb r?2i?2` 0p #2HQM;b iQ S(A, b) Q` MQiXV
_2K�`FX AM TH�BM rQ`/b- i?Bb `2bmHi b�vb i?�i i?2 bQHmiBQM b2i Q7 LS(A, b) Bb � bm#bT�+2 Q7 Rp Qp2` i?2 `2�Hb
2t�+iHv r?2M i?2 bvbi2K LS(A, b) Bb ?QKQ;2M2QmbX

RjX h?2Q`2K UdVX
amTTQb2 v1,v2, · · · ,vq �`2 +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2bX h?2M aT�M({v1,v2, · · · ,vq}) +QMbiBimi2b � bm#bT�+2
Q7 Rp Qp2` i?2 `2�HbX
S`QQ7 Q7 h?2Q`2K UdVX 1t2`+Bb2X
_2K�`FX h?2 p�HB/Biv Q7 *QM/BiBQMb UaRV- UakV- UajV QM aT�M({v1,v2, · · · ,vq}) Bb ǵ#mBHi BMiQǶ i?2 p2`v /2}MBiBQM 7Q`
i?2 MQiBQM Q7 bT�M- i?`Qm;? i?2b2 bi�i2K2Mib i?�i r2 ?�p2 T`Qp2/ p2`v 2�`Hv QM BM i?2 bim/v Q7 HBM2�` +QK#BM�iBQMb,ě

U�V 0p Bb � HBM2�` +QK#BM�iBQM Q7 v1,v2, · · · ,vqX
U#V h?2 bmK Q7 �Mv irQ HBM2�` +QK#BM�iBQMb Q7 v1,v2, · · · ,vq Bb � HBM2�` +QK#BM�iBQM Q7 v1,v2, · · · ,vqX
U+V �Mv b+�H�` KmHiBTH2 Q7 � HBM2�` +QK#BM�iBQM Q7 v1,v2, · · · ,vq Bb � HBM2�` +QK#BM�iBQM Q7 v1,v2, · · · ,vqX

AM � r�v- r2 K�v i?BMF Q7 h?2Q`2K UdV �b � b?Q`i@?�M/ 7Q` i?2 +QHH2+iBQM Q7 i?2b2 i?`22 bi�i2K2MibX
AM 7�+i- KQ`2 +�M #2 b�B/ �#Qmi aT�M({v1,v2, · · · ,vq}),ě

aT�M({v1,v2, · · · ,vq}) Bb i?2 bm#bT�+2 Q7 Rp Qp2` i?2 `2�Hb i?�i +QMi�BMb �b Bib 2H2K2Mib �HH Q7 v1,v2, · · · ,vq-
�M/ �HH HBM2�` +QK#BM�iBQMb Q7 v1,v2, · · · ,vq- �M/ MQi?BM; 2Hb2X

h?Bb Bb i?2 2bb2M+2 Q7 h?2Q`2K UdVX

R9X h?2Q`2K U3VX
amTTQb2 W Bb � bm#bT�+2 Q7 Rp- �M/ v1,v2, · · · ,vq ∈ W X h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

URV W = aT�M({v1,v2, · · · ,vq})X
UkV 1p2`v +QHmKM p2+iQ` #2HQM;BM; iQ W Bb � HBM2�` +QK#BM�iBQM Q7 v1,v2, · · · ,vqX

_2K�`F QM i2`KBMQHQ;B2bX AM i?2 +QMi2ti Q7 i?Bb `2bmHi- r?2M URV BM/22/ ?QH/b mM/2` i?2 �bbmKTiBQM BM i?2
`2bmHi- T2QTH2 rBHH b�v,ě
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Ç v1,v2, · · · ,vq bT�M UQ` ;2M2`�i2V i?2 bm#bT�+2 W Qp2` i?2 `2�HbX
Ç v1,v2, · · · ,vq �`2 ;2M2`�iQ`b 7Q` i?2 bm#bT�+2 W Qp2` i?2 `2�HbX
Ç {v1,v2, · · · ,vq} Bb � bT�MMBM; b2i UQ` � ;2M2`�iBM; b2iV 7Q` i?2 bm#bT�+2 W Qp2` i?2 `2�HbX

S`QQ7 Q7 h?2Q`2K U3VX 1t2`+Bb2X Uh?2 �`;mK2Mi Bb MQ KQ`2 i?�M `2T2�i2/ ?QM2bi �TTHB+�iBQMb Q7 i?2 /2}MBiBQMb
7Q` i?2 MQiBQM Q7 b2i 2[m�HBiv �M/ 7Q` i?2 MQiBQM Q7 bT�M- �M/ �M �TTHB+�iBQM Q7 G2KK� UkV �i � +`m+B�H TH�+2XV

R8X .2}MBiBQMX UAMi2`b2+iBQM Q7 b2ib Q7 +QHmKM p2+iQ`b rBi? i?2 b�K2 MmK#2` Q7 2Mi`B2bXV
amTTQb2 S, T �`2 b2ib Q7 +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2bX h?2M r2 /2}M2 i?2 BMi2`b2+iBQM Q7 S, T iQ #2 i?2 b2i

{
x ∈ Rp x ∈ S �M/ x ∈ T

}
.

q2 /2MQi2 i?Bb b2i #v S ∩ T X
_2K�`FX q?�i r2 ?�p2 /QM2 Bb iQ �TTHv i?2 ǵb2H2+iBQM +`Bi2`BQMǶ

ǵ x ∈ S �M/ x ∈ T Ƕ

QM i?2 b2i Q7 �HH +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2bX *QHH2+i2/ BMiQ � b2i �`2 i?Qb2 �M/ QMHv i?Qb2 +QHmKM p2+iQ`b
rBi? p `2�H 2Mi`B2b r?B+? bBKmHi�M2QmbHv #2HQM; iQ S �M/ #2HQM; iQ T X h?2 `2bmHi�Mi b2i Bb S ∩ T X

ReX h?2Q`2K UNVX
amTTQb2 V,W �`2 bm#bT�+2b Q7 Rp Qp2` i?2 `2�HbX h?2M V ∩W Bb � bm#bT�+2 Q7 Rp Qp2` i?2 `2�HbX
S`QQ7 Q7 h?2Q`2K UNVX
amTTQb2 V,W �`2 bm#bT�+2b Q7 Rp Qp2` i?2 `2�HbX

U�V (q2 p2`B7v UaRV, ǵ0p ∈ V ∩WXǶ)
aBM+2 V Bb � bm#bT�+2 Q7 Rp Qp2` i?2 `2�Hb- 0p ∈ V X
aBM+2 W Bb � bm#bT�+2 Q7 Rp Qp2` i?2 `2�Hb- 0p ∈ W X
h?2`27Q`2 0p ∈ V �M/ 0p ∈ W bBKmHi�M2QmbHvX
>2M+2- #v /2}MBiBQM Q7 BMi2`b2+iBQM- 0p ∈ V ∩W X

U#V (q2 p2`B7v UakV, ǵ6Q` �Mv t,u ∈ Rp- B7 t ∈ V ∩W �M/ u ∈ V ∩W i?2M t+ u ∈ V ∩W XǶ)
SB+F �Mv t,u ∈ RpX amTTQb2 t ∈ V ∩W �M/ u ∈ V ∩W X
"v /2}MBiBQM Q7 BMi2`b2+iBQM- t ∈ V �M/ t ∈ W X
"v /2}MBiBQM Q7 BMi2`b2+iBQM- u ∈ V �M/ u ∈ W X
q2 ?�p2 t ∈ V �M/ u ∈ V X aBM+2 V Bb � bm#bT�+2 Q7 Rp- r2 ?�p2 t+ u ∈ V X
q2 ?�p2 t ∈ W �M/ u ∈ W X aBM+2 W Bb � bm#bT�+2 Q7 Rp- r2 ?�p2 t+ u ∈ W X
LQr t+ u ∈ V �M/ t+ u ∈ W bBKmHi�M2QmbHvX
h?2M- #v i?2 /2}MBiBQM Q7 BMi2`b2+iBQM- t+ u ∈ V ∩WX

U+V (q2 p2`B7v UajV, ǵ6Q` �Mv t ∈ Rp- 7Q` �Mv α ∈ R- B7 t ∈ V ∩W i?2M αt ∈ V ∩W XǶ)
SB+F �Mv t ∈ RpX SB+F �Mv α ∈ RX amTTQb2 t ∈ V ∩W X
"v /2}MBiBQM Q7 BMi2`b2+iBQM- t ∈ V �M/ t ∈ W X
q2 ?�p2 t ∈ V �M/ α ∈ RX aBM+2 V Bb � bm#bT�+2 Q7 Rp- r2 ?�p2 αt ∈ V X
q2 ?�p2 t ∈ W �M/ α ∈ RX aBM+2 W Bb � bm#bT�+2 Q7 Rp- r2 ?�p2 αt ∈ W X
LQr αt ∈ V �M/ αt ∈ W bBKmHi�M2QmbHvX
h?2M- #v i?2 /2}MBiBQM Q7 BMi2`b2+iBQM- αt ∈ V ∩W X

Ai 7QHHQrb i?�i V ∩W Bb � bm#bT�+2 Q7 Rp Qp2` i?2 `2�HbX

RdX h?2 `2H2p�M+2 Q7 i?2 +QMbi`m+iBQM Q7 ǵBMi2`b2+iBQMǶ Bb BHHmbi`�i2/ #v i?2 `2bmHi #2HQr �#Qmi MmHH bT�+2bX
h?2Q`2K URyVX
G2i A #2 �M (m× p)@K�i`Bt rBi? `2�H 2Mi`B2b- �M/ B #2 �M (n× p)@K�i`Bt rBi? `2�H 2Mi`B2bX

amTTQb2 C Bb i?2 ((m+ n)× p)@K�i`Bt rBi? `2�H 2Mi`B2b ;Bp2M #v C =
[

A
B

]
X

h?2M N (C) = N (A) ∩N (B)X
S`QQ7 Q7 h?2Q`2K URyVX 1t2`+Bb2 QM b2i 2[m�HBivX
_2K�`FX h?2 +QM+HmbBQM BM i?Bb `2bmHi Bb Dmbi � p2`v +QKT�+i r�v Q7 7Q`KmH�iBQM i?2 �TT�`2MiHv ǵQ#pBQmb 7�+iǶ
�#Qmi i?2 `2H�iBQM �KQM;bi bQHmiBQMb Q7 i?2 ?QKQ;2M2Qmb bvbi2Kb LS(A, 0m)- LS(B, 0n)- LS(C, 0m+n),ě
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t Bb � bQHmiBQM Q7 i?2 bvbi2K LS(C, 0p)- r?B+? +�M #2 2tTHB+BiHv T`2b2Mi2/ i?2 bBKmHi�M2Qmb HBM2�` 2[m�iBQMb
rBi? mMFMQrM p2+iQ` x �b {

Ax = 0m

Bx = 0n
,

B7 �M/ QMHv B7 t Bb bBKmHi�M2QmbHv � bQHmiBQM Q7 LS(A, 0m) �M/ � bQHmiBQM Q7 LS(B, 0n)X

R3X .2}MBiBQMX UamK Q7 b2ib Q7 +QHmKM p2+iQ`b rBi? i?2 b�K2 MmK#2` Q7 2Mi`B2bXV
amTTQb2 S, T �`2 b2ib Q7 +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2bX h?2M r2 /2}M2 i?2 bmK Q7 S, T iQ #2 i?2 b2i

{
x ∈ Rp h?2`2 2tBbi bQK2 u ∈ S- v ∈ T

bm+? i?�i x = u+ vX
}
.

q2 /2MQi2 i?Bb b2i #v S + T X
_2K�`FX q?�i r2 ?�p2 /QM2 Bb iQ �TTHv i?2 ǵb2H2+iBQM +`Bi2`BQMǶ

ǵ x ∈ S �M/ x ∈ T Ƕ

QM i?2 b2i Q7 �HH +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2bX AM TH�BM rQ`/b- i?Bb ǵb2H2+iBQM +`Bi2`BQMǶ `2�/b,ě

ǵx +�M #2 2tT`2bb2/ �b i?2 bmK Q7 irQ +QHmKM p2+iQ`b- QM2 #2HQM;BM; iQ S �M/ i?2 Qi?2` #2HQM;BM; iQ T XǶ

*QHH2+i2/ BMiQ � b2i �`2 i?Qb2 �M/ QMHv i?Qb2 +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2b- 2�+? Q7 r?B+? +�M #2 2tT`2bb2/ �b
i?2 bmK Q7 bQK2 +QHmKM p2+iQ` #2HQM;BM; iQ S �M/ bQK2 +QHmKM p2+iQ` #2HQM;BM; iQ T X h?2 `2bmHi�Mi b2i Bb S + T X

RNX h?2Q`2K URRVX
amTTQb2 V,W �`2 bm#bT�+2b Q7 Rp Qp2` i?2 `2�HbX h?2M V +W Bb � bm#bT�+2 Q7 Rp Qp2` i?2 `2�HbX
S`QQ7 Q7 h?2Q`2K URRVX 1t2`+Bb2 QM /2}MBiBQM Q7 i?2 MQiBQM Q7 bm#bT�+2X

kyX h?2 `2H2p�M+2 Q7 i?2 +QMbi`m+iBQM Q7 ǵbmKǶ Bb BHHmbi`�i2/ #v i?2 `2bmHi #2HQr �#Qmi bT�MbX
h?2Q`2K URkVX
amTTQb2 s1, s2, · · · , sk, t1, t2, · · · , t! �`2 +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2bX
h?2M aT�M({s1, s2, · · · , sk, t1, t2, · · · , t!}) = aT�M({s1, s2, · · · , sk}) + aT�M({t1, t2, · · · , t!})X
S`QQ7 Q7 h?2Q`2K URkVX 1t2`+Bb2 QM b2i 2[m�HBivX
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